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Critical Probability of Site Percolation on Zd is 1/d
Marko Puljic, neuropercolation@yahoo.com∗
Vertices (sites), open with the smallest probability
pH , percolate when they form an infinite open path
from graph’s origin v0, [2]. Usually, pH values are
approximated, but there are a few instances of special
lattices with the exact results, [1].
In finite graph Zd
k
, d pairs of opposite arcs are k
edges away from v0, Fig. 1 (left). Basis of edges B(Zd)
and the integers ai(v) assign the place to vertex v ∈ Zdk:
v0 = 0 = vertex at origin of Z
d
k
⊂ Zd
B
(
Z
d
)
= {↑1, ↑2, ↑3, .., ↑d} & −↑i=↓i
v = a1 ↑1 +a2 ↑2 +a3 ↑3 +..+ ad ↑d
→v = path from v0 to v
|→v| = ‖v‖ =
d∑
i=1
|ai(v)| ≤ k ∀v∈Z
d
k
v’s neighbors can be partition into d up-step neighbors
traversed via ↑i and d down-step neighbors traversed via
↓i, so that the shortest traversal from v0 to Ak(Zd) is
a traversal via up-step neighbors. Arcs in Zd
k
look the
same, and by rotation of Zd, any arc can be Ak(Zd):
Nu
(
v,Zd
)
= up-step neighbors of v={v+↑1, ..,v+↑d}
Ak
(
Z
d
)
=
⋃
v∈Ak−1(Zd)
Nu
(
v,Zd
)
: A1
(
Z
d
)
= B
(
Z
d
)
If there is an open path from v0 to v∈Ak(Zd) : k →∞,
Z
d percolates. The shortest paths from open v0 to
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FIG. 1: v∈Z24 is 4 edges away from v0:
∑
i
|ai(v)|=4 (dotted
curve). j up-steps to Aj and then m down-steps to Aj−m and
then (m+k−j) up-steps to Ak cost k+2m steps (right).
Ak(Zd) are k-paths build by the up-step traversal. After
the first up-step to A1(Zd), the number of paths d-tuples,
so there are d 1-paths and the expected number of per-
colating paths in graph induced by the up-step traversal
is ψ1 = pd. After second up-step, there are d
2 2-paths
and ψ2 = (ψ1p) · d = (pd)2. Inductively, after k up-steps,
there are dk k-paths and ψk = (pd)
k:
k-paths = {→v : v∈Ak
(
Z
d
)
& ‖v‖ = k}
(k+m)-path = k-paths exdended by m edges
nk
(
Ak
(
Z
d
))
= number of k-paths = dk
ψ
(
Z
d, p
)
=
number of percolating
paths in Zd
k
for k →∞
≥ ψk = (dp)
k
⇒ pH
(
Z
d
)
≤
1
d
(1)
If each k-path is extended by 1 down-step, avoiding ver-
tex repetition, to (k+2)-path, there would be no more
than dk (k+2)-paths, Fig. 1 (right). Other extensions
would have to come from the non k-paths, which cannot
be extended to (k+2)-path, so
nk+2
(
Ak(Z
d)
)
=
number of (k+2)-paths to v :
v∈Ak
(
Z
d
)
& ‖v‖ = k+2
≤ dk
A down-step, avoiding vertex repetition, extends (k+2)-
path to (k+4)-path. Two down-steps, avoiding vertex
repetition, extend k-path to (k+4)-path. There are no
more than 2dk (k+4)-paths from v0 to Ak(Z
d), because
other (k+4)-paths would have to come from the exten-
sions of non (k+2)-paths and non k-paths, which is not
possible. Inductively, one down-step,.., and m down-
steps, extend (k+2m−2)-paths,.., and k-paths to (k+2m)-
paths. There are no more than mdk (k+2m)-paths from
v0 to Ak(Zd) or nk+2m
(
Ak
(
Z
d
))
≤ mdk, so
ψ
(
Z
d, p
)
= lim
k→∞
∑
i=0
nk+2i
(
Ak
(
Z
d
))
pk+2i
≤ lim
k→∞
(dp)k
(
1 +
∑
i=1
i · p2i
)
⇒ψ
(
Z
d, p <
1
d
)
= 0⇒ pH
(
Z
d
)
≥
1
d
(2)
From inequalities (1) and (2), pH
(
Z
d
)
=
1
d
.
[1] Bella Bollobas and Oliver Riordan. Percolation. Cam-
bridge Univeristy Press, 2006.
[2] Path is a walk via edges visiting each vertex only once.
